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This paper considers eleven dimensional supergravity on a manifold with boundary and the theo- 
ries related to heterotic Af-theory, in which the matter is confined to the boundary. New low energy 
actions and boundary conditions on supergravity fields are derived. Previous problems with infinite 
constants in the action are overcome. The new boundary conditions are shown to be consistent with 
supersymmetry, and their role in the ten dimensional reduction and gaugino condensation is briefly 
discussed. 
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in ■ I. INTRODUCTION 

o 

' One of the interesting low energy limits of M-theory is thought to correspond to eleven-dimensional supergravity 
with matter fields placed on two separate ten-dimensional hypersurfaces. Horava and Witten have argued that this 
theory, heterotic M-theory, describes the strongly coupled limit of the Es x Es heterotic string in ten dimensions 
0,12. The theory can be compactified on a Calabi-Yau manifold to obtain a four dimensional effective theory which 
\^ ■ is interesting from the point of view of particle physics phenomenology 0, S IE IE • 

OsJ ■ The interaction terms in heterotic M-theory are constructed as an expansion in n"^/^, where k is the eleven dimen- 
sional gravitational coupling constant. At leading order, the theory is simply eleven-dimensional supergravity on the 
• background i?^" x jZ-i. Since the orbifold part of the background is identical to an interval /, the background 

has a boundary consisting of two timclike ten-dimensional surfaces. These provide the support for ten-dimensional 
gauge supermultiplets which include Yang-mills and matter fields with Lagrangians which enter the model at order 
K^/"^. The gauge coupling constant and the gauge group E^ are fixed by anomaly cancellation. 
I Previous attempts to construct an action have been hampered by the appearance of the square of the Dirac delta 
function in the interactions at order n^l^ . This paper presents the details of an improved construction which results 
: in a consistent set of interaction terms up to order |^. The main change is a modification of order k^/^ to the 
' boundary conditions on the gravitino and the supergravity three-form. These changes to the boundary conditions 
\ play a similar role to the delta function terms in the original Horava- Witten model, but remove the singularities in 
"'Y' ' the Horava- Witten model associated with having squares of the delta function. 

O 1^ At leading order in k, taking the gravitino to be a chiral field on the boundary is consistent with the underlying 
^ ■ eleven dimensional supergravity. We shall see that corrections to the chirality condition of order k}!'^ are needed to 
ensure that the boundary condition remains supersymmetric when the boundary matter is added into the picture. 
The correction terms depend on the gauge field strength and a bilinear combination of the gaugino. 

The changes in the gravitino boundary condition are connected through the supersymmetry to modifications to 
^ , the supergravity three-form boundary conditions depending on the gauge field strength and the gaugino. These 
' corrections to the boundary conditions are important when considering the ten dimensional reduction of the eleven 
dimensional theory, where they give rise to interaction terms between the gravity and Yang-Mills fields. Furthermore, 
since gaugino condensation is a possible mechanism for supersymmetry breaking in low energy heterotic M-theory 
0, these corrections to the boundary conditions can be particularly important when the supersymmetry is broken. 

The theory is presented here from the point of view of a manifold with boundary, purely as a matter of technical 
convenience. The theory can also be described on the covering space x 5^, where the boundary condition on 
the gravitino can be viewed as a junction condition across the hypersurface of fixed points of a Z2 symmetry. The 
junction condition picks up corrections from interaction terms between the gravitino and the matter fields which live 
on the junction, and these corrections appear as the extra matter terms in the boundary conditions. 

The plan of this paper is as follows. The second section describes the relationship between the covering space 
viewpoint and the manifold with boundary picture, and provided the first indication that the gravitino boundary 
condition has to be modified. The third section considers pure supergravity on a manifold with boundary. The fourth 
section starts extends the discussion of pure supergravity to include matter fields on the boundary, starting off with 
a simplified description which neglects the four-fermi terms and then going into technical detail to justify the full 
theory up to order . This section ends with a brief discussion of the reduction of the theory to ten dimensions. The 



- '—I 

X 



* Electronic address: lian.moss@ncI.ac.ukl 



2 



following section shows that the action is supersymmetric up to order k} . The conclusion discusses some implications, 
particularly to supersymmetry breaking. 

In this paper the metric signature is — h . . . +. Eleven dimensional vector indices are denoted by I , J, ■ ■ ■■ The 
coordinate indices on the boundary are denoted hy A, B , . . . and in the (outward unit) normal direction by N. Eleven 
dimensional volume integrals are expressed in terms of dv — \g\^^'^d^^x, where \g\ is the modulus of the determinant 
of the metric gij. The exterior derivative of an ri-form a has components (da)/^.../^^^^ = (n + l)^^9[/ja/,.../^^j] and 
the wedge product has components (a A — (™) a[/i...7„/3/„+i.../„] where (™) is a binomial coefficient. The 

gamma matrices satisfy {F/, Fj} = 2gij and F^- -^ = F^^ . . . F^l. The spinors are Majorana, and ■0 = ijP^T^ . 



II. JUNCTION CONDITIONS AND BOUNDARY TERMS 



Junction conditions arise when we have field equations with sources which are confined to hypersurfaces. In the 
situation where the hypersurface is fixed under a reflection symmetry of the fields, it can easily be shown that the 
junction conditions are equivalent to a set of boundary conditions. This gives us two ways of describing the field 
theory: an 'upstairs' distributional description on the covering space or a 'downstairs' description in terms of fields 
and boundaries. 

Consider the gravitational field with matter confined to a hypers urface E with surface stress-energy tensor Tab- 
The Einstein equation implies the Israel junction conditions |lOllll| on the extrinsic curvature, 

[Kab - 9abK]_ = -k^Tab, (1) 

where [/]_ denotes the change of a function / across the surface and is the gravitational coupling constant. 

Suppose that the hypersurface is fixed by the reflection symmetry x — > TZx. In the neighbourhood of S, we can set 
up hypersurfaces St which are a distance t from S along the normal direction. The extrinsic curvatures will transform 
by reflections according to 

KAB{x)^~KAB{nx). (2) 

In the limit t — > 0, 

[Kab-9abK]^^Q. (3) 
where [/]+ denotes the sum of the values of / on cither side of the hypersurface. Consequently, 

Kab - gABK = ^k'^Tab (4) 

on the inside (ie the side from which the normal points) of the hypersurface. 

The next example is a Rarita-Schwinger field with a distributional source J^S-^, where 6^^ is a delta function. The 
source appears in the Rarita-Schwinger equation 

T^-^'Dj^K = - J^fe. (5) 

Integrating this along a direction normal to the hypersurface gives a junction condition, 

F^^iV-s]- = -J^. (6) 

We also have the Z2 symmetry acting on the covering space, 

^a{x) = S4>a{Rx), (7) 

where 5 is a spinor transformation corresponding to the reflection symmetry. We can choose this to be 5 = TrAr, 
where Fjv is the gamma matrix associated with the normal direction. As the distance between x and the surface is 
reduced to zero, we obtain two alternative boundary conditions 

F^^Pi^B = (8) 

on the inside of E, where P± — i(l ± Fjv)- Either case fixes exactly half of the fermion components on the boundary 
and gives a complete set of boundary conditions for the Rarita-Schwinger equation. Note that, for consistency, we 
also require P^J^ = 0. 
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This introduces one of the main points of this paper. The situation described above appUes to the low energy hmit 
of the strongly coupled heterotic string. Surface terms in the Lagrangian which include the gravitino lead to surface 
sources and modifications to the gravitino boundary condition. The chirality condition TuipA = i'A, which is often 
applied at the boundary P|, should be modified to include extra terms. These terms will be obtained later in the 
paper. 

A similar argument applied to the normal component of the Rarita-Schwinger field suggests that P^^jn ~ 0, because 
has the opposite reflection parity to V'A- However, having fixed ^ja, the boundary conditions on i/^at can only be 
determined modulo a supersymmetry transformation. The boundary conditions will therefore depend on the gauge 
fixing condition which is used. 

For the remainder of this section, we turn to the question of whether the boundary conditions can be derived from 
an action principle. This will allow us to use the 'downstairs' description of a manifold with boundaries and avoid the 
use of distributions. The action principle which generates the correct gravitational junction conditions was found in 
|12|. and combined with reflection symmetry to produce boundary conditions in reference _13j. Here we shall extend 
this to the Rarita-Schwinger field. 

Let Mhe a, manifold with boundary, obtained by identifying the points x and TZx. On a manifold with boundary, 
the Einstein-Hilbert action on M is supplemented by an extrinsic curvature term [l^ Il5l | . We can also include some 
matter fields x on the boundary, with a surface Lagrangian Cg ■ The natural candidate for the total action is therefore 

2 , Rdv + \ ( Kdv + / Csdv. (9) 

1^ Jm JdM JdM 

Note that n denotes the Planck length on the covering space and this results in a non-standard normalisation of the 
Einstein-Hilbert term on A4. 

The functional variation of the action arising from variations of the metric is given by the results of appendix fXl 



SSg = ~-J G"Sgijdv --J (k^^ - Kg^^ ~ \k^T^^\ SgAsdv. 
Jm JdM \ ^ J 

The action principle implies the Einstein equations G/j — and the boundary condition 
The Rarita-Schwinger field can be introduced by including the action 



(10) 



Srs^-\ f ^iT"''Dj{Lo)i:Kdv, (11) 
Im 



k2 



where lo is the tetrad connection (assumed torsion- free for the present). The functional variation of the Rarita- 
Schwinger action includes a surface term 



SSrs = -\ f SijAT^^'TNi^Bdv. (12) 

IdM 



If this was to vanish, the Rarita-Schwinger field equation would be overconstrained. We can solve this problem by 
introducing an extra boundary term (first used in [la|'). The proposed form of the total action is 



^^Hm ("^^ " \i>iT"''Dj{u:),PK^ dv + ^l^^(^KT \i>AT^''i^B + ] dv, (13) 



where Cs = C{x, iPa) and either choice of sign is allowed. 

A useful technique, described in appendix B, allows us to replace tetrad variations by metric variations. The surface 
terms in the variation of the action are then 

^^=-^ I... i^9ABP^'' + 54>a0^) dv, (14) 



dM 



where 



jA ^ ^r^Bp^^^ ^}_jA (15) 

= -]^{K^^ - Kg^^) + -^n'T^B (16) 
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and the sources are, 

= ±.^1^ (17) 
^ 2|^ + g^^/:.±2^(-^r^)^F±^cT5^^^cr^^P±^D. (18) 

OgAB 

The action principle 6S = gives the correct boundary conditions Q and © for both fields confirming that we 
have the correct action. In general, the Rarita-Schwinger field gives a contribution to the surface stress-energy tensor, 
although this contribution vanishes if P±'ipA — 0. 



III. BOUNDARY TERMS FOR SUPERGRAVITY 



In this section we shall construct the boundary terms for eleven-dimensional supergravity. We shall be guided by 
the principle that the boundary conditions should, as far as possible, be derivable from the extrema of the action. We 
shall then show that the resulting action is supersymmetric. 

The fields are the metric g, gravitino tpi and three-form C. The usual supergravity action is |17| 



Jj^ \ 2 2 48 



where G is the abelian field strength and fl is the tetrad connection. 

The combination G* = {G + G)/2, where hats denote a standardised subtraction of gravitino terms to make a 
supercovariant expression, 

3 

GlJKL = GijKL + —^^J[iTjKlpi^y (20) 

Similarly, the combination 17* = (fi + Cl)/2. If uj is the Levi-Civita connection, then 

^IJK = ^^IJK + ^ (ipiTjipK - 'ipi'^Kipj + tpjTjtpK) ■ (21) 

The connection f2 is given by 

^IJK = CljjK + li^'-TuKLMi^^'- (22) 
o 

In the usual 1.5 order formalism, the spin connection is varied as an independent field. Equation H22|) results in the 
cancellation of the terms which contain 50,. With the inclusion of the boundary, we either have to modify equation 
(I22|l . or to retain the 5Vt terms on the boundary. We shall keep the 50, terms. 

The boundary variation of the gravitational action must also include the effects of torsion. The contorsion tensor 
/C is defined by 

OlijK = i^IJK + fCjIK- (23) 

The contorsion changes the Ricci scalar according to 

R(0) = Biuj) + 2Dj{uj)JCi" - IC/^IC/k - ICukIC'"^^. (24) 

The variation of the derivative leads to a boundary term. The simplest way to cancel this term is to include the trace 
of the contorsion tensor /C/^jv in the boundary part of the action. When combined with the action for the torsion-free 
theory lO, we are lead to the boundary action 

So = ^ f (kt ^V^Ar^^Vs + 1:^aT^^Jn] dv. (25) 
« JdM V 4 2 J 



5 



The two sign choices are equivalent to each other and only the plus sign will be retained from now on. The full action 

S = SsG + Sa- 
lt still remains to discuss the three-form field C. In the 'upstairs' description, the Bianchi identity leads to a 

junction condition [Gabcd]- — 0. However, the negative parity of the three-form field implies that [Gabcd]+ — 0, 

consequently Gabcd — 0. This boundary condition is not obtained from the variation of the action, in the same way 

that the Bianchi identity is not one of the field equations obtained from the action principle. 

Now we are ready to check that the action S is invariant under supersymmetry transformations. To be more 

precise, we shall show that the supersymmetric variation of the action vanishes after imposing the boundary conditions 

P+ipA = and Gabcd = 0. 

The usual supersymmetry transformations for eleven-dimensional supergravity are 

Se^j = ^fjT'^j (26) 

5V/ = Dj{n)^ + ^ (r/^^*^ - ss/r^"^") vGjklm (27) 

Zoo 

SGijK - -^vT^iAk] (28) 

Some of the supersymmetry is broken by the boundary conditions P+ipA = and Gabcd = 0, which are only 
preserved by supersymmetry transformations which satisfy 

P+rj = (29) 

on the boundary. 

Consider first of all a general variation of the action, using the tetrad formalism of appendix B, 
6S ^ \ [ dv {6gi.jE" + SrijQ" + S^^iL^ + SGukE^''^) 

dv {SgAB P^"" + S^Pa + SGabcP^^"" + SrABq^"") ■ (30) 



K 



We will require explicit expressions for two of the boundary terms, 

qA ^ _r^Bp^^^ (31) 

p^^ = {K^^ - Kg"^^) +2^^^T^^^P+4>c - g^''i'cr''''P+^D (32) 

which follow from equations H15|l and (|16|l 

Now use the supersymmetry transformations H26I28(I . The volume terms in the variation must cancell because of 
the invariance of the supergravity action. Some additional boundary terms will arise from integration by parts of the 
6ipiL^ term, 

SS^^ [ dv {fjLN + SgAB P^"" + S4>A + SCabcP^'"'' + SrABq^"") , (33) 

JdM 

After imposing the boundary condition P+tAa = (which implies 9^ = q^^ = SCabc =0), we have 

5S = \ [ dv {nLN + SgAB P^"") ■ (34) 

JdM 

Let us examine the gravitino term more closely, 

Ln - ^TNT^'^DAm^B - ^rArr^^^^^V-AGsCDB + nT^"" ^j"" G ABCN ■ (35) 

(The simplest way to obtain is to find the one-fermi terms in the variation of the action and then use the fact that 
must be supercovariant.) A slight rearrangement gives 

fjL^ = fjDAm^ + \KAcfiT^''T^^l^B - ^vT^^'^^'^i^AGBCDE + ^nr^^'i^^GABCN. (36) 
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Imposing the boundary conditions P+ipA = and Gabcd = 0, together with the gamma-matrix identity (|C6|I . gives 

fjlN^^iK^'' -Kg^^)fjrA4'B. (37) 

The two terms in equation H34|) canceU and we conclude that the action is supersymmetric. 

We finish this section with some alternative ways to represent the boundary action. In the first place, we can 
introduce the supercovariant form of the extrinsic curvature, 

rAb ^ j^AB ^ 1 ^(ApB)^^ _^ iv^^^s , (38) 

and the boundary action becomes 

So^^ [ (k- UaT^T^^b) dv. (39) 

JdM \ ^ J 

We can also improve the action by adding 

S^ = \l dv^CABC^wT^''^''''^E. (40) 

1^ JdM o 

The SCabcP'^^'^ term in the variation of the total action then takes a supercovariant form SCabcG^^'^^ . There 
is no need to include Sc if we impose the boundary conditions on the three-form when varying the action. In the 
following sections these restrictions will be used and the boundary action Sc omitted. 



IV. HETEROTIC Af-THEORY 



A. Leading order 

Horava and Witten have argued that the low energy limit of the heterotic string is given by eleven dimensional 
supergravity on the background i?^" x /Z2, with Es gauge multiplets on the two ten dimensional fixed points of the 
Z2 symmetry, or the boundary branes as they are being described here. The action is constructed by an expansion in 
powers of k^^^, relying heavily on the restrictions of supersymmetry and the cancellation of anomalies. A new gauge 
action and boundary conditions will be described in this section at leading order, including terms with up to two 
fermion fields and neglecting terms. 

The gauge multiplets contain an Eg gauge field A'^ and chiral fermions x", which are in the adjoint representation. 
We begin with the Super- Yang-Mills gauge action coupled to the Rarita-Schwinger field, 

[ f i^^ABi^"^"" + ^r^^^A(^^)x'^ + i^^r^^r^F'^Bcx'^) dv. (4i) 

1^ JdM V4 2 4 J 

The constant e sets the relative scale of the matter coupling. 

The usual supersymmetry transformations for gauge multiplet fields are 

6A-A = ^vTax" (42) 
^X" = -^r^'^F'^ABV- (43) 

These are used allongside the rules for the supergravity fields H26I28|I . 

In the original work of Horava and Witten, the supersymmetry transformation rules where supplemented by extra 
terms containing distributions. Extra terms also appeared in the gauge action. The combined effect lead to squares of 
distributions at higher orders in k. We argue here that modifications have to be made to the boundary conditions and 
there is no need to modify the supersymmetry transformations. Distributions never appear explicitly, and problems 
with squares of distributions never arise. 

In pure supergravity, the gravitino satisfied a chirality condition P+ipA = on the boundary. To leading order in 
fermion fields, the supersymmetric variation of this chiral component is given by 

S{P+M = P+DaV + ^ (r^^-^^^ - SJ^^r^^^) t^Gbcde. (44) 
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Assuming that 77 has fixed chirality on the boundary implies that Da{P+vi) = 0, and we have 

P+DaV = -\daTn = ii^Asr^??. (45) 

The extrinsic curvature is fixed by the stress energy tensor of the gauge multiplet fields as in equation Q). To leading 
order in fermion fields, 

Kab = F'^A^F-BC - ^gAsF'^'^'^F'^cD. (46) 
The supersymmetric variation of the gravitino chirality condition to this order in fermion fields is now 

SiP+M ^ -\ (f'^a'^F-bc - ^QabF^^^^'F-cd^ r^r; (47) 

+ ^ (r^^^^^ - 8<5^^r^^^) vGbcde. (48) 

The boundary conditions P+ipA = and Gabcd = imply that SIP-^iPa) 7^ for most choices of the non-abelian 
gauge field, breaking the supersymmetry. 

We would like to find a supersymmetric set of boundary conditions. In order to be consistent with the boundary 
conditions for eleven dimensional supergravity when e = 0, we can deduce that any modifications to the boundary 
conditions on the gravitino and three-form field should take the form 

F+i^A = efAix.A) (49) 
Gabcd = efABCDix,^) (50) 

where /a is linear in x ^-nd Jabcd contains terms up to quadratic order in x- Gauge invariance and dimensional 
analysis restricts the possible terms to '-Fx' combinations in Ja and or 'x^'x' terms in fABCD- By taking a 

linear combination of these terms it is possible to show that 

P+i^A = ^{Ta^'' - IOSa^T'') F-BCX"" (51) 
Gabcd = -3V2eF"[^Bi^"ci3] + V2err[ABC^Z3](f^)x° (52) 

is the unique supersymmetric combination. 

We could impose a stronger condition on the three- form field by integrating equation (|52|l . 

Gabc = -^euABC - ^exT^Bcx" (53) 

where the Chern-Simons form 

uj ^ tr (^A A dA+'^A A A A . (54) 

We shall see in the next section that this boundary condition is still supersymetric if we modify the transformation 
rule for Cabc to include an abelian gauge transformation. 

It is interesting to check consistency of the boundary condition on Cabc with the non-abelian gauge symmetry. 
Under a non-abelian gauge transformation with SA"^ — —Das'^, the variation in the Chern-Simons form becomes 
Su! — d{e°'F°'). The non-abelian gauge transformation of the Chern-Simons form can therefore be absorbed by an 
abelian gauge transformation of the three-form (in analogy with Yang-Mills Supergravity ;18|). Let 

\/2 

SCabc ^ —<^d[AaBC], (55) 
where gab is an arbitrary two-form except that it must satisfy the boundary condition 

aAB = e''F%B- (56) 

The action is unchanged, apart from a boundary term which comes from the C A G A G term in the supergravity 
action. This can be combined with the quantum gauge anomaly to restore gauge invariance. 



8 



The mechanism described above is a simple variation of the generahsed Green-Schwarz [l9j mechanism found by 
Horava and Witten J!], and it fixes the the expansion parameter, 

Furthermore, extending the argument to gravitational and mixed anomalies suggests that the F A F term in H52|l 
should be replaced hy F A F — /\ R, but we shall drop the R^ terms from further discussion for the present. 

The boundary conditions were chosen for consistency with the supersymmetry transformations. We shall now find 
that the gravitino boundary condition can be derived completely independently from the extrema of the boundary 
action given at the beginning of this section. The total action is given by 5* = Ssg + S[ , where Ssg is the supergravity 
action and S[ is the boundary term. 

We vary the tetrad as described in appendix A. The boundary terms in the variation of the total action S are then 

5S^ \ [ dv {SgAB P^"" + S^JA + ^CabcV^'"'' + (^x S + M^F^) , (58) 

JdM 

Variation of the gravitino field in 5[ is elementary, and combines with the supergravity results from the previous 
section to give 

qa ^ _r'4^p+v^B - ^r^^r-^F^Bcx"- (59) 

The boundary condition 0'^ = can be manipulated using the gamma-matrix identities in appendix C into the 
previous form 

p+^^ = ^ (r^^^ - io<5^^r^) Fbcx- (60) 

The remaining terms in the variation of the action give the graviton boundary condition, as in equation and the 
field equations for x° and A\. 

The action is supersymmetric subject to the boundary conditions on the gravitino and the antisymmetric gauge 
field. For example, the variation of the 'Fipx^ term in the surface action produces expressions of the form 'F'^iprj' 
and ^GFxn^ ■ These terms cancel with ^Giprj^ terms from the variation of the supergravity action when we apply the 
boundary conditions on G and ip. (In the original Horava- Witten model, an extra term in the boundary action was 
needed to cancel the 'GFx'?' variation.) A more detailed discussion of the supersymmetric invariance of the action 
will be given in a later section. 



B. Boundary conditions 



In this section we shall construct a supersymmetric set of boundary conditions on the gravitino and three-form 
field which include all of the fermion terms (but still ignoring the R^ terms). The most important new feature is the 
appearance of bilinear gaugino terms, not only in the gravitino and three-form boundary conditions, but also in the 
boundary conditions on the supersymmetry parameter. 

The supersymmetry transformations of the fields will be almost as before, 

6A-A = ^vTax'' (61) 
P_<5x" = -ir^^F%B?7 (62) 
The field strength is now in supercovariantised form 

F'^ij =F-ij-^[jTj]X- (63) 

We now have to allow for the possibility that P+Sx 7^ 0. This can be accomodated as described in appendix B. 

The boundary condition on the tangential components of the three-form which we saw in the previous section can 
be imposed as a constraint cabc — Oi where 

cabc = Cabc + -^<^^abc + -^^x"^ abcx" ■ (64) 
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By dimension counting, this boundary condition cannot contain four-fermi terms unless we go to higher orders in the 
expansion parameter e. 

We need to pay special attention to the supersymmetric variation of the Chern-Simons form. This decomposes into 
a gauge invariant part and a total derivative, 

duj = A - A (65) 

We will require that cabc should be invariant under supersymmetry transformations modulo abelian gauge transfor- 
mations. We could absorb the abelian transformation by modifying the supersymmetry transformation, 

SCijK ^ -^fjT[ijipK] + ^^d[ifjK], (66) 
where the two-form / can be chosen arbitrarily except that it must satisfy the boundary condition 

fAB^^A'^^ASA'^B]- (67) 

This modification would have no effect on the variation of gauge invariant terms in the action. 

The one-fermi terms in the gravitino boundary condition which were evaluated in the previous section suggest that 
a suitable anzatz for the gravitino boundary condition would be 

P+Vm = ^ (r^''^ - lOJA^'r^) F-BCX'' - eVP^^A- (68) 

The term involving F, where F is a 'xx' bilinear, is allowed on dimensional grounds. Note that if we apply P_ to the 
anzatz we find that P-T — FP+. 

The gravitino anzatz could also be put into a more suggestive form 

P+^A = ^ (r^^^ - 10,5a^F^) F-bcx''- (69) 
where a new projection operator is defined by 

P+ = P++fTP^. (70) 
This also suggests that we should consider a modification to the supersymmetry parameter, and impose 

P+V = 0. (71) 

on the boundary. 

Now we are ready to examine the variation of the three terms in cabc under supersymmetry transformations. (We 
shall omit the abelian gauge transformation Ht)7|) .) Firstly, using the transformation H28|) . equations (|68|l . (|71|) and 
gamma-matrix identities 

SCabc = ~^<^vTabc^^xFde + ^<^V^[ab°xFc]d - ^^£V^[axFbc] + "^^^^i^' ^[ab}P--<Pc] (72) 

Secondly, the variation of the Chern-Simons terms gives 

Sujabc = ^^[axFbc] + ^V^[aX X^sipc] (73) 

up to an abelian gauge transformation. Thirdly, the gaugino term produces 

1 - - 3 

Six^ABcx) = -jp^ABC^'^xFoE - iri^[AB^xFc]D + -jV^ oi^iAX^^ BC]X- (74) 



We may combine the three expressions together and use a Fierz rearrangement (|C12|I to get 

ScABC = -j^exTDEFXVi^''''^ ,T^ab}P-M + ^e^{F, F[^b}P_Vc]- (75) 



From this we can read off 



Ixr^Bcxr^^^. (76) 
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With this choice, the boundary condition on the three-form field is supersymmetric modulo an abelian gauge trans- 
formation, with no approximations. Note that P+x — P+X = due to a convenient Fierz identity. 

Taking the exterior derivative of cabc — puts the boundary condition in manifestly gauge invariant (and super- 
covariant) form, 

Gabcd = ~iV2eF\ABF''cD] + V2trT[ABcDD] ^x" + ^^r^iABC^""^ ^d\F'' ef- (77) 

Again, this is an exact result (neglecting R A R terms) and improves on the approximate result given in the previous 
section. The derivation of (|77|l requires use of the gravitino boundary condition, providing a check on the expression 
for r in l(7S|l . 

The supersymmetric variation of the gravitino boundary condition can also be examined along the lines of equation 
(I48|l . It is easy to confirm that the boundary condition is supersymmetric up to at least the one-fermi terms. 



C. The Lagrangian 

The boundary terms in the action can be constructed by imposing the basic requirement that the extrema of 
the action should generate the boundary conditions of the previous sections. There is one exception, which is the 
boundary condition cabc = on the three-form field, which has to be imposed separately. The boundary conditions 
on the gravitino field, in particular, restrict the possible four-fermi terms in the Lagrangian. In the next section, it 
will be shown that the action is supersymmetric up order e^. 

Consider the following boundary action to replace the boundary action of section llV Al 

Si = J^^ dv (^If^abF^^"" + Irr^DAmx'' + \i'AT''''T^F%cx'' + Y^xrABcxV^i^r^^^^^^^;) , (78) 

where F* = {F + F)/2. The coefficient of the four-fermi term has been chosen with some fore-knowledge. This 
coefficient depends on whether we use Cl or fl* in the gaugino derivative. 
The total action 

S = SsG + So + Si. (79) 

At the extrema of the action, it is possible to read off the field equations and the boundary conditions. We shall 
examine these in more detail in the next section. 

As a check, consider the variation of the action due to a variation of the gravitino field. The surface term 

S^Si = f dv (]6i^AT''^T^F*-Bcx'' -l^Ar''^T^x''Si>Brcx'' 

+ l^v^AFB^crr^^^x" + ^<5^Ar^^^^^VBx"rci3iJx'^) ■ (so) 

By a Fierz rearrangement |IC11|) . 

5^Si ^ I dv(-MAT''^T^F''Bcx'' + ^HATB^cr'^^''''x'' 

+ y^c^v^aF^^, r^^^]^Bx"rcDBx'^ + ^•^V^Ar^^^^^V'Bx'Tci^ijx'^) (si) 

Using the gamma- matrix identities l|C6IC9|) . 

^^^^ = -§ (I^^aT^'^'t^f-bcx' + ^^^Ar^^r^^^VsrrcDiJx^) (82) 

This can be combined with the supergravity result to get the 9^ term in equation l|14|l , 

^ _r^^p+7As - |r^^r^/«^scx" - ^r^^r^^^vsrrcuijx". (83) 

The boundary condition 9"^ = 0, obtained by variation of the action, can be rewritten using gamma-matrix identities 
as equation (|68|) . We recover the boundary condition which was derived from supersymmetry in the previous section. 
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D. Ten dimensional reduction 



This is a good place to consider the relationship between the new 11-dimensional theory and iV = 1 Yang-Mills 
supergravity in ten dimensions. We shall see how some important features of the ten-dimensional theory are explained 
by their eleven dimensional precursor. In order to keep the description manageable, we shall not go into the full details 
of the reduction from eleven to ten dimensions, but focus rather on the important features. 

The general procedure for reducing the eleven dimensional theory is identical to the reduction of the Horava-Witten 
model {2Ck ,21] . This reduction depends on two small parameters. In the first place we have the parameter e in the 
matter action. The reduction also assumes that the length scales characterising the variation of the fields in ten 
dimensions are much larger than the brane separation L. Since the matter fields appear in the boundary conditions, 
the bulk fields will in general depend on the eleventh dimension. The first step in the reduction is to solve the field 
equations for the bulk to order e with the matter fields held constant. This forms the beginning of a perturbative 
solution with small e and small ten-dimensional derivatives. The 0{e^) terms give the ten-dimensional supergravity 
action and additional terms give rise to the matter couplings. 

Consider one of the boundary surfaces ^^A^ placed at a;^^ — and another dM^ at x^'^ — L. In this section, we 
shall use n to denote the outgoing normal to the surface dX x^^ — L. To leading order, we can take the metric to be 

g = e-^^g'ABdx^dx'' + e^^/^dx^dx" (84) 

with 10-dimensional metric g'j^^ and dilaton (j). However, for this brief account it is sufficient to express results in 
terms of 11-dimensional metric and gamma matrix components. 

A feature of new boundary Lagrangian 178() is that contains no 'xxG" term. This term plays an important role in 
Horova-Witten theory where it combines with other terms to form a perfect square involving the 3-form field strength 
Habc ill the 10-dimensional reduction |9j. In the new theory, we turn instead to the boundary conditions Ht)4|) . 

Cabc = +— eu}^ ABC on dM'^ (85) 
/2 

Cabc = -j^cCo^abc on dM^ (86) 

Cjabc = ^^abc + | xT^scx" (87) 

The change of sign at the boundary surface dM^ is due to the normal vector n being an ingoing normal there rather 
than an outgoing normal. 

The bulk solution is determined by the boundary conditons, the Bianchi identity (with no source terms) and the 
divergence of G. In our approximation, the general solution is 

>/2 \/2 

Cabc = -^ey ^j^^'asc + ^e(l - 2/) '^'■^^abc (88) 

CiiAB = Q^AB (89) 

where y — x^^/L and Bab is a constant of integration which becomes our ten dimensional 2-form field with field 
strength related to Habc- Terms in the ten-dimensional theory depending on Bab come from the field strength 
components Guabc, 

GiiABC = 39[^Bbc] ~ '^J^ {'^abc + '^ABc) ' (90) 

The Habc terms appear as a perfect square in the Lagrangian due to the term GuabcG^^^^'^ in the 1 1-dimcnsional 
action. This reproduces the same low energy behavior as the Horava-Witten theory, but in our case no modification 
of the field strength (singular or non-singular) is involved. 

We can also see how the Habc fields and the gaugino enter some of the supersymmetry transformation rules of the 
ten-dimensional theory. Consider the dilatino V-'ii with 11-dimensional transformation 

^Vii = ^11 mv - ||r^^'^GnABcr/ + ^T^^'^'^'GabcdV (91) 



where 
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and keep only Bab and non-zero. We have to find a way of evaluating Dii{Ct)ri. The boundary conditions H71() 
for 77 are 

= +-^^^''^t''^ABcX^"P^V on dM^ (92) 
96 

P+V - -^r^^^x'^r^Bcx'^i^-'? on dM^. (93) 

At leading order in our expansion the supersymmetry parameter must be the same as the 10-dimensional supersym- 
metry parameter 77'. At order e the supersymmetry parameter has to depend on x^^ in order to satisfy the boundary 
conditions. We can choose 

v = v'- ^r-^s-^ (yx'^T^Bcx'" - (1 - yn'^rABcx'") v' (94) 

where P+t]' — 0. Consequently, the Dii{Cl)ri term depends on the gaugino field. The dilatino transformation becomes 

XI ^t^ABCtj I ^ ^ -r^ABC -a' r a' I /nc;^ 

36" ^^'^^~ 256L ^ABCX V (95) 

where x° = (x^'^jX^")- 

This reduction of the 11-dimensional theory explains why the combination of Habc and x° terms which appear 
in the 10-dimensional action as a perfect square does not also appear in the dilatino supersymmetry transformation. 
The reason for the difference can be traced back to the strange extra bilinear terms H76() which we found in the 
supersymmetry parameter (and gravitino) boundary condition at the three-fermi level. 

Other bulk fields have similar behaviour to the ones mentioned above. For example, if we solve the 11-dimensional 
gravitino equation with the boundary conditions H52|) to the same order of approximation which we used above, and 
also neglect the three-fermi terms, then 

i^A = i^'A-^ (Fa^^ - lOJ^^r^) (yF^'^BCx'" + (1 - v)F"'bcx''') (96) 
V-ii = V^ii +61^(1) (97) 

where -0^ and V'n are 10-dimensional chiral fields, P+i^A ~ P-i^ii ^ 0- The background spinor field V'*-^'' is a solution 
to 

r^^i^sV'!' = -h-^^T^F^' BCX"' ■ (98) 

The existence of solutions to this equation, at least locally, is made possible by an integrability condition which is 
satisfied as a consequence of the conservation of the Yang-Mills supercurrent. 

The 10-dimensional gravitino is a linear combination of -0^ and ip'j^. Inserting the fields H96|) and (|97|l into the 
11-dimensional action leads to the usual supergravity action at leading order |22j| . Interaction terms involving ^xP^'A^ 
arise from the order e terms in H96|l . Beyond order e, the background spinor field starts to appear in the action 
and may cause difficulties, but this remains to be investigated. 



V. SUPERSYMMETRY 



We turn now to the supersymmetric variation of the action. We shall make use of the supersymmetric invariance 
of the 11-dimensional supergravity action without boundaries and follow a similar route to the one used earlier in 
section III. We shall see below how the most of the two-fermi terms in the supersymmetric variation of the action 
cancel. Only one term remains, which is of order k^. An outline of the treatment of the four-fermi terms is given in 
appendix D. 

To begin, consider the general variation of the action rather than a supersymmetric one. Using the tetrad formalism 
of appendix B, we are able to write a general variation of the action in the form 

SS ^ ^ [ dv {SgijE''' + SrijQ" + S^iL' + 6CijkE'-''') 
K Jm 

+ ^ [ dv {SgAB P^^ + Si^A 6^ + SCabcP^'''' + <5x S -f 5AaY^ + SrABq^"") , (99) 

JdM 
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The coefficients appearing fiere are tlie field equations and boundary conditions, given explicitly by 

pABc ^ G^Bc^ + ^V;z.r^^-4^^P+^i.-3^e^^^^^-^MCAG)z,,...,3. (101) 

s = 6(^-r^i^^(j7)x-^r^r^^FscV'A) (102) 

= e(^-i?BHF-4s + il?BH(^cr^^^x) + ^ViDr^^^^^^£i^sc^ (103) 

The variation of the metric is the most complicated. This has been simplified by assuming that is in superco- 
variant form, 

4^2 8 4 4 

I -a-f^A-f^CD I B ^ -aT^C-nDE 1 rpa AB\ f^r\A\ 

16 ip F CD - r r ipcF DE9 1 (104) 

Furthermore, the condition Scjjk — has been used to simplify equation (|101() . This is equivalent to the addition of 
equation H4U|) . 

The supersymmetric variation can be found by substituting the supersymmetry transformations I|26I28|I into the 
general expression for the variation of the action. We know that the volume terms in the variation cancell because of 
the invariance of the supergravity action without boundaries. As in section III, additional boundary terms arise from 
integration by parts of the S^/jjL^ term. Terms which vanish when 9^ = can be dropped, leaving 



6S^ \ I dv {fjLN + 5gAB p"^^ + SCabcP^^^ + 5x^ + ^AaY^ + ^tab^ 

K JdM 

The global supersymmetry of the Super- Yang- Mills action is related to the identity 



(105) 



bAA{-BBmF^'') + bxV''DA(Sl)x - \nDAiSl)J^ - Jr7r-4S'^X DA{^){i=BVcx\ (106) 

where is the supercovariantised supercurrent of the gauge multiplet. Inserting this into 8S and dropping the 
four-fermi terms gives 

SS^^ [ dv (f]LN + SgAB P^"" + SCabcP^""^ + lfjDA{n)J^ - eSxT^V''^ Fed'A) ■ (107) 
JdM V 2 7 

The expression of Ljv was given in an earlier section H35|l. We can rearrange fjL]\j into the suggestive form 

f)LN = f)DA{n)e^ + ^{K^'' ~Kg^^)fjrAi^B-^vDAmJ^ 

-^vT^^''''''^aGbcde + ^nr^^^^'GABCN 
96 8 

There are also additional four-fermi contributions from the modification to the projection operator P+. 
The 5x term can be replaced by using the identity 

SxT^T^'^FBci^A = W^^^'^^i^ApBcFDE - 2fjrA^B ( F^^Fc^ - Ig^^'F^^FcD) (108) 



which follows from the gamma- matrix identities (|C6IC9|I . 

Putting these together, the two-fermi terms in the supersymmetric variation of the action are 



1/^.zlR An. t A 4^ R 1 ^ , , , ,y , J , 

CD 



6S ^ ^ I dv[ SgAB ( P-"^ + ^iK^"" - Kg^^) - ( F^-^F^^ - -^F^^Fc 

V2 



JdM V V 2 V 4' 

SCabc fp^^^ - G-^^*^^) - ^ryr-^^^'^^V^ ( Gbcde + 3V2FabFcd ) 1 • (109) 



96 



fjY^BCDE^^ (Gbcdb + 3V2FabFcd)^ . 
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Examination of the field equations H100I102|I and the boundary condition l|77|l shows immediately that most of the 
two-fcrmi terms in SS cancel. The only term remaining comes from p^^'-^ and it is 

5S=\I dv2^f^'-^''>{5C AC hG)A,...A,,. (110) 
« JdM 10! 

Since SCabc^ Cabc and Gabcd are all of order e, the variation 6S is of order e"^, or equivalently n^. 



VI. CONCLUSION 



The strongly coupled limit of the heterotic string is believed to be related to eleven-dimensional supergravity on a 
manifold with boundary. The main results of this paper have been the construction of a consistent set of boundary 
conditions and a corresponding supersymmetric action, including the effects of gauge fields on the boundary. A major 
missing ingredient so far has been the B? terms, but otherwise the theory is a possible candidate for heterotic M 
theory. 

The main differences between the new theory and Horava-Witten theory are the following: 

1. Terms involving the square of the Dirac delta function do not occur in the new theory. 

2. The gravitino boundary condition ThiI^a — i-'A has been replaced by the boundary condition 

p+Vm - ^ (Fa^^ - 10<5A^r^) F'^BCX", (111) 

where P+ = P+ + erP_ is a modified projection operator which depends on the gaugino expectation value F, 
and the constant e = 0(k^/^) by a modification of the usual anomaly cancellation argument. The new boundary 
condition is supersymmetric, consistent with junction conditions across the brane and consistent with boundary 
variations of the action. 

3. The new boundary Lagrangian contains no 'xxG" term. This term plays an important role for the Horova- 
Witten theory where it combines with other terms to form a perfect square in the 10-dimensional reduction 
0, ■ In the new theory, the boundary conditions 

Gabcd = -'iV^eP^ABp'' cd] + V2ex"r[Ai3C^D](S^)x" + ^err[ABcr^^^D]P"BF (112) 
lead to a similar effect. 

The differences between the low energy theory obtained here and the original formulation of Horava and Witten leads 
to some modifications to the effects of gaugino condensation. The gaugino condensate appears in the supersymmetry 
transformations of the dilatino, as it does in Horava-Witten theory. In the new formulation, the gaugino condensate 
also appears in the gravitino boundary conditions, through the bilinear expression T defined in equation H76|l . To 
examine the effects of the gaugino terms in the graviton boundary condition, suppose that the two boundaries are 
at x^^ = and x^^ = L, with a gaugino condensate on x^^ = L. If the expectation values of linear gaugino terms 
vanishes, then the gravitino boundary condition (|lllf) becomes 

P+ipA = 0, = (113) 

(P_+erP+)VM - 0, x^^=L (114) 

The fermion boundary condition on x^^ = L can be put into a more familiar form when the condensate has the 
property that the matrix T = al, where = — 1. In this case this boundary condition becomes 

{l + e"TNe-")i'A^O, (115) 

where tanO = ea. These boundary conditions are themselves sufhcient to break the supersymmetry, and they have 
been introduced before, usually in contexts which were unconnected to gaugino condensation (23i. i24 125> .26- .27] . We 
are able to conclude that, in heterotic Af-theory, 6 depends on the magnitude of the gaugino condensate. (A similar 
condition is also induced by the K-symmetry of a Z? brane, where instead of depending on the condensate, 9 depends 
on the Born Infeld- field 28].) 

The results have been obtained in the very lowest energy regime where higher derivative terms can be neglected. 
This is not a consistant approximation if we would like to reduce the theory to lower dimensions 0,0,IEIEI3- The 
terms in the action and the Lorentz Chern-Simons form can simply be added in a way which reduces to the correct 
10-dimensional theory. One direction in which the current discusion needs to be improved is to include these terms 
in a supersymmetric fashion on the boundary in 11 dimensions, but this is a complicated task. 



15 



Acknowledgments 

I have benefitted from helpful discussions about gaugino condensation with James Norman. 

APPENDIX A: METRIC VARIATIONS 

Standard formulae for the variation of the curvature and the extrinsic curvature which have been used in the text 
have been collected together in this appendix. Further details can be found in 0, 0, 0| . Let n'^ be the outward 
normal to the boundary. The intrinsic metric and extrinsic curvatures of the boundary are defined by 

hij = gij - run J (Al) 

and 

Kij = /i/x/ijin^'^, (A2) 

where ; / denotes the components of the covariant derivative using the Lcvi-Civita connection. Note that Hab = 9ab- 
The variation of the Ricci scalar R is given by ^Jl 

5R = {5gi.,;KL ~ ^giK.jL) - R^'Sgu (A3) 

Variation of the volume integral of R gives a boundary term which can be decomposed into, 

n'g''' [SgjKj - Sgij-K) = -k"" [n' 5hij),K + K'-'5hij + 5h j k -i ~ 2n'KSni. (A4) 

The only restriction which has been imposed is that S{n^nj) = 0. The variation of the trace of the extrinsic curvature 
can be arranged into 

6K = -h^^{n^5hu),K + h^^ ShjKj - n'KSni. (A5) 
These two variations can be combined to give 

- / dvSR + 2 [ dv5K= [ dvR"5gij- [ dvK"Shij, (A6) 

Jm JdM J M JdM 

asuming that the boundary consists of smooth components. 

APPENDIX B: TETRAD VARIATIONS 

This appendix explains how the variation of the action with respect to the tetrad can be simplified by making use 
of Lorentz invariance. It particular, it will be shown that it is possible to vary the action in a restricted way which is 
analagous to fixing the connection in the 1.5 order formalism. 

We first decompose the tetrad variation into a metric variation and a Lorentz transformation. Since the metric 

gu = e'lCjj, (Bl) 

we have 

Sgij = Se^ieij + e^iScjj (B2) 
We now define the antisymmetric combination to represent Lorentz transformations 

drij = Se^iCjj - e^jSef j. (B3) 
An arbitrary tetrad variation can then be decomposed according to the equation 

Se'i ^^i6gij + Srij)e". (B4) 
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The variation of the tetrad connection tOjjf^ = ej • Dje^, is given by 

Sujjjji = Sgj^j.ji^ - Srj^.j. (B5) 

We can make use of these relations to replace the tetrad variations in the variation of the action by 6gij and 6rij. 

Consider a Lagrangian C = £.{ef,tjji) for fields on a manifold A4 with no boundary. The general variation of the 
action takes the following form 

SS= f {SgijE" + 5rijQ" + Si;ie')dv (B6) 
Jm 

If we restrict the variation to a local Lorentz transformation of the tetrad e j and the spinors, then the action must 
be unchanged, hence 

= ^ (^6rijQ" - yrij.jjKr'-'e''^ dv. (B7) 



We therefore deduce that 



Q" = liJKT^e''. (B8) 



Now consider the introduction of a boundary dA4 and a fermion field x on the boundary. In an adaptive coordinate 
system e^^j = 6ni, and the terms allowed in the boundary part of the variation are 

5S= [ dv{5gABP^'' +SrABq^'' + iSgAN + SrAN)q^'' + Si^i9' + 5xE). (B9) 

JdM 



IdM 

Local Lorentz invariance implies 



= \^jiT"e^ + ^xr"S. (BIO) 



These results allow a considerable reduction in the amount of effort required to find the variation of the action. The 
variation can be done initially with Stab = 0, and then the 5rAB terms can be recovered from the fermion variations. 
Similarly, if = and x is a chiral fermion, then q^^ = and the variation of the action can be obtained by setting 
5gAN = SrAN = 0. 

The tetrad variations also affect the variation of the gaugino. The chirality condition P+x = implies that 

P+Sx = -{SP+)x = -\T^{dgAN + 6rAN) (Bll) 

However, when q^^ = these terms must cancel with other terms in the variation of the action. Similarly, SgAN can 
be ignored in the boundary variation of the contorsion terms in the Ricci tensor. 

APPENDIX C: SPINOR IDENTITIES 

The gamma-matrix conventions used in this paper are 

{ri,rj} = 2gij, r^i-^n =r[^v..r^"i. (ci) 

The covariant derivative of a spinor ( is 

Di{u;)C = diC + ^ojukT'^'C (C2) 

All of the spinors are Majorana and we have 

eT''-^"ri==anfjT^'-'''e. (C3) 
where tr^ = (-l)'-(^+i)/2 = +, -, + for r = 0, 1, 2, 3 mod 4. 
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Products of gamma-matrices can be expanded by the following identities, valid in d dimensions 

min{n,rn) 



p/i.../„r. 



r-O 

min{n,rn) 



n/i...7„ 



rji...j„r/j.../„ 



E 

r=0 



d — m 

n — r 



(-1) 



CT„r,/j...j^ 



In ten dimensions, products of gamma-matrices which have been used most often in this paper are 
Some other examples are given in table n 



(C4) 
(C5) 

(C6) 
(C7) 
(C8) 
(C9) 



TABLE I: Coefficients in the contraction F^^ '^"Tjj, F/j.../^ — CnmX in 10 dimensions. 





m = 


m = 1 


1X1 = 2 


m = 3 


m = 4 


m = 5 


n = 1 


10 


-8 


6 


-4 


2 





n = 2 


-90 


-54 


-26 


-6 


6 


5 


n = 3 


-720 


288 


-48 


-48 


48 





n = 4 


5040 


1008 


-326 


306 


48 


5 


n = 5 


30240 





-3660 





1440 






Ten dimensional Fierz rearrangements can be obtained from the formula 

1 



ABCDE 



Cr 



ABCDE 



valid for chiral spinors Fnx ~ x ^nd FuC = C (and also for pairs of antichiral spinors), where Fn = Fi , 
following examples make use of the Fierz identity (jClOp and the product formulae, 

5i^AT''''T^xi^BTcX-~ HsTcX^AT^'^yAX = 4xFcdbX '^VmF'^'', T^^'^'l^B 

X^D[ABXV^'^i>C] + -^X^DEFX'rF[AB^'^^i^C] = -'^^V^ [AXX^ B^^C] 

CF^FscV'AxrsV'c - Cri3V'cxr^r^''^A = -2CF^x^sr-^^A 

where x f^^id C are chiral spinors, but is not assumed chiral. 



(CIO) 
.Fio . The 

(Cll) 
(C12) 
(C13) 



APPENDIX D: SUPERSYMMETRY OF THE ACTION 

The version of equation (|107|l which describes the supersymmetric variation of the action and includes the four 
fermi terms is 



5S 



OM 



dv TjL 



JABP^"" + SrABq^"" + SCabcP^'''' + -vDA{n)J^ - eSxT^T^'^FBc^A 



+ ^efjrBxDAmi'cT^'''^x) - \ef]T^'''^xDAmi^Brcx) + ^et^F^X ^i3(/C)F^^ 



where D{]C) = D{n) - D{lj). 
The full expression for f]LN is 



(Dl) 



fjL 



N 



f]DA{n)e^ + -iK 



AB 



Kg''^)fiTA^B--f}DA{Vl)r 



-^VT^'^'^^^r^AGBCDE + ^vT^'^i^^GABCN 

96 8 

+ef]T^''{DAin)T)i:B - efj[T, F^^]P_i?A(^^)^B. 



(D2) 
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The last two terms are four-fermi contributions which arise from the modification to the projection operator P-|_ = 

P+ + erp_. 

We make use of the Fierz identity 

TiVBXDA{^cy^''''x) - n^^'^'^xDAi^BTcx) = 477[r,r^^]P_i^^7^B + 2f,[{DAV),T^^]P-^pB (D3) 
to obtain the supersymmetric variation of the action 

+SCABC (p^^^ - G-^^^^) - ll^r-^^^^^^^ [Gbcde + 3V2FabFcd) 

+SrABq^'' + yvir^"", {D{n)r)}^^B + ie^r^xi?s(^)P^^) . (D4) 

The field equations (|100I1U2|I and the boundary condition H77I) can now be used. Only two types of four fermi terms 
remain, ^rjipxDx^ and ^r]X'4''4'' ■ It is relatively straight forward to show that the ^riipxDx^ terms cancel. The 'tjxV'V'' 
terms are much more complicated and remain to be investigated fully. 
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